We perform coherent non-linear spectroscopy of individual excitons strongly confined in single InAs quantum dots (QDs). The retrieval of their intrinsically weak four-wave mixing (FWM) response is enabled by a one-dimensional dielectric waveguide antenna. Compared to a similar QD embedded in bulk media, the FWM detection sensitivity is enhanced by up to four orders of magnitude, over a broad operation bandwidth. Three-beam FWM is employed to investigate coherence and population dynamics within individual QD transitions. We retrieve their homogenous dephasing in a presence of spectral wandering. Two-dimensional FWM reveals off-resonant Förster coupling between a pair of distinct QDs embedded in the antenna. We also detect a higher order QD nonlinearity (six-wave mixing) and use it to coherently control the FWM transient. Waveguide antennas enable to conceive multi-color coherent manipulation schemes of individual emitters.
Semiconductor quantum dots (QDs) embedded in properly designed photonic nanostructures hold great promises for future quantum information technologies 1 . These few-level mesoscopic emitters can serve as bright sources of non-classical states of light 2-4 or mediate strong optical non-linearities, at the singlephoton level 5, 6 . An excitonic QD transition also constitutes a localized qubit that can be coherently manipulated on sub-ps timescale with optical pulses 7-9 . Via coupling QD excitons with solid-state spins, one can combine fast radiative emission with a long-lived spin coherence. A spin-photon interface, a prerequisite for a distributed quantum network, has been recently demonstrated with such systems 10 . In this dynamic context, an accurate assessment and control of the excitonic coherence is required. Furthermore, harnessing inter-exciton coupling mechanisms is of utmost importance for implementing non-local coherent control schemes.
Coherent non-linear spectroscopy provides avantgarde techniques for all-optical coherent manipulation and readout of single emitters 9 , in particular by investigating four-wave mixing (FWM). As depicted in Fig. 2 , such polarization is driven by three, resonant, short laser pulses with electric field amplitudes E 1 , E 2 and E 3 . In the lowest order, FWM is proportional to µ 4 E 1 E 2 E 3 , with µ denoting the optical dipole moment of the emitter. By taking advantage of the photon echo formation 11 , FWM has been exploited in the past to infer spectral homogenous broadening in ensembles of optical transitions in solids, even in a presence of inhomogeneous broadening. Due to the steep dependence on µ, first investigations of FWM on single emitters have been limited to giant oscillator strength excitons confined by interface fluctuations of a quantum well 12, 13 . A successful strategy to improve the FWM retrieval relies on photonic structures that locally enhance the driving fields experienced by the QD and improve the collection efficiency of the generated nonlinear response. In particular, semiconductor micro-cavities have shown appealing prospects 5,9,14 , albeit at the cost of an operation bandwidth limited to the cavity resonance.
In this Letter, we show that waveguide antennas, initially introduced to realize bright sources of quantum light 2, 15 , dramatically enhance the non-linear response of individual QDs over a broad spectral range. This enhancement enables a comprehensive investigation of the coherence properties of excitonic complexes strongly confined in self-assembled InAs QDs. While such emitters constitute one of the leading systems for solid-state quantum optics 1,4 , their moderate oscillator strength has hindered investigations of coherence at the single QD level. Furthermore, we show that FWM can reveal an off-resonant coherent coupling via underlying Coulomb interaction between two distinct QDs embedded in the antenna. Finally, we recover six-wave mixing (SWM) of an exciton-biexciton system, and use it to coherently control the FWM transient. Our findings pave the way towards achieving non-local, coherent control in small sets of individual emitters in a solid.
The antenna, shown in Fig. 1 a, is a suspended GaAs photonic trumpet 15 (PT), which is anchored to square pillars for improved mechanical stability. The driving pulses E 1, 2, 3 are focused on the circular top facet. Thanks to the nearly Gaussian profile of the fundamental guided mode (HE 11 )
16 , Gaussian driving beams with adapted waists are transmitted to the tapered section with negligible losses. On the waveguide axis, the electrical field amplitude scales as n g /S eff , with n g the group index and S eff the effective mode surface 17 . Field enhancement reaches a maximum at the QDs position, when the waveguide diameter is reduced down to 0.25 µm, mainly because of the optimal lateral confinement of the mode, assisted by a modest slow-light effect 17 . Compared to a QD embedded in bulk GaAs, a factor of ∼ 100 is gained on the global amplitude E 1 E 2 E 3 , which drives the FWM. Conversely, the collection efficiency of the generated FWM increases from around 1% up to 45%. As a consequence, the FWM is retrieved with signal-to-background ratio improved by a factor of ∼ 4 × 10 3 . Moreover, these non-resonant photonic structures naturally provide a large operation bandwidth (> 100 nm) 18 .
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dyne spectral interferometry technique 12 . Employing acousto-optic modulation, the driving pulses E 1, 2, 3 are frequency up-shifted by radio-frequencies Ω 1,2,3 introducing controlled phase-drifts in their respective trains. After having acquired delays τ 12 and τ 23 , E 1, 2, 3 are recombined into a common spatial mode and are focused on the sample with a microscope objective. An unmodulated reference beam is focused on the auxiliary pillar (see Fig. 1 a) and the searched response is discriminated in the reflectance by the phase-sensitive optical heterodyning, attaining a selectivity in field (intensity) of 10 6 (10 12 ). The experimental setup is described in Ref. [9] . Measurements are conducted on a structure similar to the one shown in Fig. 1 a, maintained at T= 5.2 ± 0.5 K. To explore the coherence dynamics of QD excitons, we first concentrate on degenerate FWM. It is generated by a two-pulse sequence, as depicted in tem is a generic excitation in neutral QDs, in particular enabling bright generation of entangled photon pairs from solid state devices 19 . ET, which will be discussed latter, is attributed to a charged exciton (trion), hosted by a different QD, labeled QD2. To directly illustrate the enhanced in-coupling of the driving pulses, we present in Fig. 1 c FWM amplitudes of GX and XB as a function of E 1 pulse area θ 1 (being proportional to the square-root of pulse E 1 intensity P 1 ). The FWM of both transitions reaches its maximum, corresponding to the θ 1 = π/2, for impressively low E 1 intensity of around 0.3 µW, two orders of magnitude less than in strongly-confined GaAs QDs 20 embedded in bulk. Further increase of θ 1 results in Rabi flopping modeled using analytical prediction 20 only by adjusting XB to GX dipole moment ratio µ XB /µ GX = 0.9 (see solid lines in Fig. 1 c) .
As a first application of enhanced FWM harvesting, we conduct a comprehensive investigation of the coherence and population dynamics of individual excitonic transitions hosted by a QD, a task that is relevant for all applications of this system to quantum information technologies. Coherence dynamics is investigated by measuring FWM as a function of the pulse separation τ 12 , as depicted in Fig. 2 a. Importantly, this technique allows to disentangle homogenous and inhomogeneous dephasing processes. The former is due to radiative recombination and pure dephasing, while the latter is associated with spectral fluctuations of the transition energy 20 . As a representative example, we consider in Fig. 2 a the transitions GX and XB hosted by QD1. The initial rise for τ 12 > 0, followed by an exponential decay, is due to the formation of a photon echo triggered by a spectral wandering, which acts as a source of inhomogeneous broadening (other examples are given in section B of the SM). Using the model presented in Ref. [20] , we obtain the dephasing time T 2 = (0.66 ± 0.05) ns, in agreement with measurements performed on ensembles 21 . In addition, the data reveal a Gaussian inhomogeneous broadening, characterized by a full-width at half maximum σ = (10 ± 4) µeV. Also, it is worth to note the presence of the signal for τ 12 < 0, generated by a two-photon coherence in a four-level excitonbiexciton system 20 . From the FWM decay at negative delays we estimate two-photon dephasing time of T TPC = (41 ± 13) ps.
Population evolution is investigated with a three pulse sequence, shown in Fig. 2 b. Here, E 1 and E 2 first create X and B population oscillating at Ω 2 − Ω 1 . The last pulse, E 3 , creates a polarization proportional to this density, the FWM, which is detected at the Ω 3 + Ω 2 − Ω 1 frequency. Thus varying delay τ 23 between E 2 and E 3 , the measured FWM reflects the population evolution in a QD. From the resulting exponential decays of the FWM amplitude we retrieve the exciton and biexciton lifetimes of T 1 (GX) = (1.16 ± 0.04) ns and T 1 (XB) = (0.65 ± 0.05) ns, respectively, with their ratio approaching theoretical limit 22 of two.
These measurements show that the investigated transitions are not radiatively limited. For GX, T 2 is 3.5 times smaller than 2T 1 and this factor is reduced to 2 for XB, which presents a faster population decay. In addition, a significant spectral wandering σ is present. Such high-and low-frequency noises are likely to be mainly caused by fluctuations of charge traps located close to the QD 23, 24 , either in its immediate environment or in the wire sidewall. While further research is necessary to elucidate this point, the application of a dc electric field on the QDs 25, 26 could help reducing σ, further improving the coherence retrieval.
Beyond assessment of the single-QD coherence, we show below that FWM can reveal a coherent 13, 14, 27, 28 , non-resonant coupling between QD1 and QD2. Establishing coherence transfer between a pair of emitters is an essential ingredient to achieve optically controlled two-qubit operations in solid. In a broader context, the coherence and charge transfer is a multidisciplinary issue, spanning from biology, where it is at heart of photosynthesis 29 , towards quantum chemistry and photovoltaics. Here, we investigate FWM simultaneously driven at GX, XB (QD1) and ET (QD2). As shown in Fig. 3 a, the coherence dynamics of XB is dominated by the exciton-biexciton beating with a period |2π /∆| 4.5 ps driven by fifth-order contributions to the FWM 30 , predominant upon (θ 1 , θ 2 ) (π/2, π) employed here. Additionally, we observe a modulation with a period 0.58 ps, particularly pronounced on the ET transition and corresponding to the spectral separation between both QDs, hence indicating their mutual coupling.
Its definite display is provided by the twodimensional FWM spectrum 13,14 shown in Fig. 3 b. By Fourier-transforming the FWM along the delay τ 12 we obtain a map linking the first-order absorption frequency ω 1 , with the FWM one, ω. The off-diagonal signals in such a diagram are signatures of coherent coupling, i. e. conversion of the absorbed ω 1 into different ω, as depicted by squares. The mutual coupling within the triplet (GX, XB, ET) is thus detected. The internal coupling in QD1, i. e. between GX and XB, is expected 13, 20 . Conversely, the transfer of coherence toward ET in QD2 is more intriguing. Owing to a large frequency detuning between ET and GX, radiative coupling 31 is excluded. Coherent coupling between excitons in closely lying QDs stems from their Coulomb interaction 13, 27, 28 , inducing biexciton shift or/and dipole-dipole Förster coupling. To distinguish between both mechanisms, in Fig. 3 b (top) we inspect the amplitude and phase of the off-diagonal terms in the 2D FWM 13 : the former generates a double-peak and 2π spectral shift across the off-diagonal signal, while the latter produces a single off-diagonal peak with a 1π phase shift. This last scenario is indeed revealed by the experimental data, indicating Förster coupling between QD1 and QD2. The spectral shift between the uncoupled and coupled states is not detected owing to the large spectral detuning of both QDs with respect to the dipole coupling strength estimated to a few hundred of µeV. More involved multidimensional spectroscopy 28 could provide additional insights into the microscopic mechanism of the observed coupling. We note that the broad operation bandwidth of the PT is here instrumental to reveal such a largely off-resonant Förster coupling between QD1 and QD2.
In the following, we exploit a novel three-pulse sequence 9 to demonstrate coherent control of the FWM generated by the exciton-biexciton system of QD1. The protocol is based on converting a desired amount of the FWM transient into the six-wave mixing (SWM) one. The applied pulse sequence is de- picted in Fig. 4 a. First, E 1 and E 2 drive degenerate FWM, which is evolving during τ 23 . Then, E 3 is used to flip it into the specific SWM frequency. The amount of FWM converted to SWM is governed by θ 3 . In particular, for θ 3 = π the entirety of FWM is transferred to SWM. Such control via FWM/SWM switching represents a step change with respect to past FWM experiments, as it enables to accurately design the FWM response in temporal and frequency domains, by tuning τ 23 and θ 3 . The SWM spectrum of the investigated exciton-biexciton system driven at (θ 1 , θ 2 , θ 3 ) = (π/2, π, π) is shown in Fig. 4 b (top) . In the middle panel we present the corresponding FWM: for θ 3 = 0 and τ 12 = 3 ps (dark blue) we recover the response as in Fig. 1 b. Instead, for θ 3 = π (red) the FWM of the GX transition is quenched, whereas the one of XB is enhanced. Such a FWM/SWM switching at the GX transition is retrieved in the time domain in Fig. 4 c. At the arrival of E 3 for τ 23 = 30 ps the FWM is virtually suppressed, while the onset of the SWM is observed. An abrupt cut of the signal in time domain induces a particular FWM spectral line-shape 9 of GX and XB, with a broadening of the main peaks and build up of side-bands, exemplified in Fig.4 b (bottom) for τ 23 = 30 ps. This effect, along with the temporal gating of the FWM, is visualized in more details in the Supplementary Figure S8 , displaying FWM spectra and transients when varying τ 23 . Note that the presented control scheme necessitates addressing individual transitions in contrast to past SWM experiments 30, 32, 33 . Demonstration of SWM beyond twolevel system, paves the way towards three-dimensional spectroscopy (involving the interplay between absorption, FWM and SWM) of quantum emitters, opening new frontiers to monitor couplings and control the coherence in condensed matter. Furthermore, prospective SWM studies on individual QDs could elucidate their non-Markovian dephasing 33 .
To conclude, we performed coherent nonlinear spectroscopy of single, strongly-confined excitons in InAs QDs embedded in PTs. Such waveguide antennas offer a perfect interfacing of QD excitons with external excitation, enabling to harvest their multi-wave mixing responses with a sensitivity improved by up to four-orders of magnitude with respect to a QD in bulk GaAs. Wave mixing spectroscopy was employed not only to assess the coherence of individual transitions, but also to ascertain inter-exciton couplings with 2D FWM and to manipulate coherent response via FWM/SWM switching. The broad operation bandwidth of the antenna opens new possibilities for coherent spectroscopy of single emitters, like performing multi-color multi-wave mixing. With such a prospective Raman-type spectroscopy on single QDs 34 , one could for example explore dynamics of optical polarons 35, 36 (coupled exciton -optical phonon modes) and study propagation of acoustic phonons between off-resonant, spatially distant excitons. The broadband character of PTs also enables to perform wave-mixing spectroscopy on excited states of a QD, to determine its level structure and to retrieve related dephasings and coherent couplings. Finally, by exploiting the energy tunability via strain 37 , a pair of separate excitons could be brought into the frequency resonance, so as to induce a radiative coupling 31 mediated by the photons guided by the wire antenna. Phonon-induced rabi-
SUPPLEMENTARY MATERIAL
A. Sample fabrication.
The suspended PTs shown in Fig. 1 a, specifically developed for this work, offer improved mechanical stability and robustness with respect to stand-alone ones 15 . They were fabricated from a planar GaAs sample containing a single layer of InAs QDs grown by molecular beam epitaxy. After deposition of a hard mask by e-beam lithography, metal deposition and lift-off, the structures are defined by deep plasma etching with a controlled under etching angle of 4
• . The PTs investigated in the main manuscript (Sample A) feature a length of 20 µm and a top diameter of 2.8 µm. Around the QDs, the waveguide section features a 0.25 µm diameter. Auxiliary pillars (used to reflect the reference field, E r ) and PTs are respectively shifted by 15 µm, and are organized in pattern of five-by-five PTs, with a gradually varying PT top-diameters from 2 µm to 4 µm. By performing photo-luminescence (not shown, acquired under pulsed, non-resonant excitation) on the PT considered in the main manuscript, we observe that the QD saturation is achieved for a pump intensity as low as 0.4µW. The transitions then feature a bright emission, with spectrally-integrated count rate of 400 kHz. In Fig. S5 a we show a photoluminescence spectrum, non-resonantly excited at 1.4 eV with intensity of 30 nW, an order of magnitude below the QD saturation. A spectral interference at the FWM heterodyne frequency 2Ω 2 − Ω 1 , obtained on the same PT is shown in Fig. S5 b. Three, spectrally sharp features, correspond to the FWM from three individual transitions in InAs QDs. It is worth to note that the PL and FWM spectra are not the same. Transitions marked as "1" and "2" are observed in both experiments. Conversely, "3", detected in FWM, does not have its counterpart in the PL. FWM amplitude of the transition "1" as a function of E 1 pulse area θ 1 is shown in the inset. FWM reaches its maximum, corresponding to the θ 1 = π/2 area, for E 1 intensity of only 0.2 µW, indicating an excellent coupling between the E 1, 2, 3 driving fields and the exciton transition. Further increase of θ 1 results in the Rabi flopping and decrease of the FWM amplitude.
In order to infer dephasing mechanisms, we have first examined the time-resolved FWM for fixed τ 12 = 60 ps, displayed as an inset in Fig. S5 c. The response clearly reveals a Gaussian photon echo (the red trace corresponds to a Gaussian fit), with the temporal FWHM spread of t inh = 56 ps for the FWM amplitude. Such an echo in the FWM transient is a fingerprint of the spectral inhomogeneous broadening σ. Applying the model presented in Ref. [20] , it is evaluated as σ = √ 8ln2/t inh = 27 µeV. On a single exciton level, σ is attributed to the spectral wandering, occurring within the integration time 20 . By varying the latter from 1 ms to 1 s we observe virtually the same echo behavior. We thus conclude that the spectral fluctuations of this transition occur at the sub-ms timescale. Spectral positions of the transition "1" fluctuate with a characteristic spread of σ over the measurement. Despite their temporal separation, they all interfere with the reference field E r and give rise to the involved spectral shape of the resulting time-averaged interferogram. After applying Fourier-transform in the spectral interferometry algorithm, this yields a Gaussian response in time centered at t= τ 12 , i. e. photon echo. We note that excitons in all investigated PTs (statistics of γ and σ is shown in the inset of Fig. S6 b) displayed a measurable echo in their coherence dynamics, yielding σ up to 50 µeV.
To assess the coherence dynamics, we have measured τ 12 delay dependence of the FWM amplitude, displayed in Fig. S5 c. Suppression of the FWM for negative delays indicates lack of two-particle, biexcitonic state. We thus attribute the investigated transition "1" to a charged exciton. In the FWM delay dynamics, we observe initial rise, which is due to the echo formation, followed by an exponential decay. To simulate coherence evolution (depicted with the orange dashed line, also see Fig. 2 a and Fig. S6 b) of such inhomogeneously broadened transition, we implement the model presented in Ref. [20] . Bearing in mind previously determined σ, we retrieve the dephasing time T 2 = (610 ± 20) ps as the only fitting parameter, corresponding to the homogeneous broadening of γ = (2.16 ± 0.07)µeV. In Fig. S6 a we present FWM spectra in (E 1 , E 2 , E r ) = (−, −, −) (black solid) and (−, |, −) (red dashed) configuration on another PT in the Sample A, having a top-diameter of 2.9 µm. Using the FWM polarization selection rules (see Fig. S7 ), a pair of transitions (GX , X B ) is identified as an exciton-biexciton system, with a renormalization energy of ∆ = −0.24 meV. The retrieved coherence dynamics is shown in Fig. S6 b, yielding in this case, (γ GX , σ GX ) = (7, 33) µeV and (γ X B , σ X B ) = (7, 58) µeV. Clearly, larger σ deteriorates the coherence of both transitions, resulting in larger γ with respect to the example investigated in the main manuscript (Fig. 2) . Note, a larger inhomogeneous broadening of X B with respect to the GX , indicating anti-correlation in spectral wandering of the exciton and the biexciton level. In the coherence dynamics we also identify exciton-biexciton beating with a period of |2π /∆ | = 17 ps. The noise floor is given by open circles.
The time-resolved FWM amplitude of the GX as a function of τ 12 is shown in Fig. S6 c. Due to a large σ (and thus sufficiently narrow width of the echo in time) such a map explicitly shows formation of the photon echo 20 . Namely, we see the shift of the FWM maximum in real time t according to τ 12 , forming a Gaussian centered along the diagonal line τ 12 =t, as reproduced by the simulation shown in Fig. S6 d. C. Identification of the exciton-biexciton system via FWM selection rules
